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Abstract 

The extended quintessence is obtained by coupling a normal scalar field to the Ricci scalar 
defined in the metric formalism. In this paper, we propose a new extended quintessence dark 
energy by introducing a non-minimal coupling between the quintessence and gravity, but with 
the Ricci scalar given from the Palatini formalism rather than the metric one. We find that 
the equation of state of the new extended quintessence can cross the phantom divide line, and 
moreover, it oscillates around the —1 line. We also show that the universe driven by the new 
extended quintessence will enter a dark energy dominated de Sitter phase in the future. 

PACS numbers: 98.80. Cq, 98.70.Vc 
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I. INTRODUCTION 



Various observational data, ijQcluding the Type la supernovae 1 



2|, the cosmic mi- 
crowave background radiation |3|] and the large scale structure |5|, and so on, have 
confirmed that our universe is undergoing an accelerating expansion. To explain this 
observed phenomenon, usually, an exotic energy component, named dark energy, is as- 
sumed to exist in our universe. The simplest candidate of dark energy is the cosmological 
constant. Although it can explain the observation fairly well, it suffers from both the 
fine-tuning problem and the coincidence problem jo]. Moreover, recent observation seems 
to favor a dynamical dark energy [3]. Thus, some minimally coupled scalar field dark 
energy models, such as quintessence, phantom and quintom, are proposed to explain the 
observed accelerating expansion. The quintessence 8] is a normal scalar field and its 
equation of state w is larger than —1. The phantom W\ has a negative kinetic term such 
that its w is less than —1. Combining the quintessence and phantom in a unified model, 
the quintom 10|] is obtained. The advantage of the quintom is that it can realize the 
crossing of the —1 line for the equation of state. 

Since non-minimal couplings are generated by quantum corrections and they are essen- 
tial for the renormalizability of scalar field theory in curved space, it is natural to consider 
a coupling between the scalar field and gravity, ucfP'R, where R is the Ricci scalar. This 
coupling has been widely studied for both inflation and dark energy, and it has some 
novel properties, such as inflation can be easily obtained Uj, and the effective equation 
of state of the non- minimal coupling quintessence can cross the phantom divide line 12|. 
When dark energy is concerned, the model with a coupling of the normal scalar field and 
gravity is known as the extended quintessence (EQ). 

It is well known that the general relativity field equation can be obtained not only in 
the metric formalism but also in the Palatini formalism [l^. In the former case, only 
the metric is variable, while in the latter case, both the metric and the connection are 
independent variables. When the Einstein-Hilbert action is generalized to be an arbitrary 
function / of i?, the Palatini formalism leads to second order differential equations instead 



of the fourth order ones that one gets with the metric variation (see 15 



for recent 



2 



reviews). Thus, the Palatini modified gravity theory seems to have an advantage since it 
can pass the solar system tests automatically. 

Recently, Geng et al found that, when a non- minimal coupling between the quintessence 
and teleparallel gravity is switched on, the resulting theory has a richer structure than 
the extended quintessence and named it teleparallel dark energy [l^, although, in the 
minimal coupling case, the quintessence scalar field cosmological model in teleparallel 
gravity is identical to that in general relativity. In this paper, we plan to explore what 
happens when a non-minimal coupling is introduced between the quintessence and the 
Ricci scalar R in the Palatini formalism (Hereafter, an overhat denotes that the quantity 
is defined with the independent Palatini connection) and we call this coupled scalar field 
"new extended quintessence". 

The paper is organized as follows. In Sec. II, we derive the field equation in the case 
of a non-minimal coupling between the quintessence and R. In Sec. Ill, we discuss the 
evolutionary curve of the effective equation of state and in Sec. IV the dynamical behavior 
of the system. In Sec. V we conclude. Throughout the paper, unless otherwise specified, 
we work in units in which c = SnG = 1. Greek and Latin indices run from to 3 and 1 
to 3, respectively. 



II. FIELD EQUATION IN PALATINI GRAVITY WITH A NON-MINIMAL 
COUPLING 



We consider an action that contains a non-minimal coupling between the quintessence 
scalar field and the Palatini Ricci scalar: 



S 



dx^\/ —g 



(1) 



where u is the coupling constant, and the metric g^^ and the connection f^^ are two 
independent variables. Cm is the ordinary matter Lagrangian and is the Lagrangian 
of the quintessence field, which is taken to be 



(2) 



The Ricci scalar R is obtained by contracting the Ricci tensor Rnu, which is defined in 



terms of the independent connection f 



a 
Pi 



p "pQ -pQ _|_ -po -pA pa pA /q\ 

Varying the action ([T]) with respect to the metric g^^i, and the connection F^^^, respectively, 
one obtains 

FR^,-^f{R,<P)g^, = T^,, (4) 

and 

Vxiv^Fgn = 0. (5) 

Here F = 1 + uxp"^, f = FR and T^j, is the energy- momentum tensor including usual 
matter and the scalar field. Contracting Eq. (jll), one can get: 

FR-2f = -f = T, (6) 

where T = —pm — P(f> + 3(pm. + P^) with pm and pip being the energy densities of matter 
and the scalar field, respectively, and pm and being the corresponding pressures. Using 
Pm = 0, p0 = + V and p^ = - V, one has T = -pm + 0^ - 4^. 

From Eq. ([5]), one can define a new metric h^j^y conformally connected to g^^ by h^^ = 
Fg^i,. Then Eq. ^ becomes 

v^{^f^hn = , (7) 

which means that f can be expressed as the Levi-Civita connection with respect to the 
new metric h^j^ 

Using the above equation, we can derive the expressions of the Palatini Ricci tensor and 
the Ricci scalar: 

R^,{T) = R^,{g) + 2^^;p2 J 9^.u , (9) 
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/?(r) = /?(^) + - — — 3 — - — , (10) 

where R^i, and R are the Ricci tensor and the Ricci scalar defined in the metric formal- 
ism, respectively, and Vo- is a covariant derivative associated with the usual Levi-Civita 
connection. 

Now, we consider a flat Friedmann-Lemaitre-Robertson- Walker (FLRW) universe. The 
metric has the form: 

ds'^ = -dt^ + a^dxidxjS'^ (11) 

where a{t) is the cosmic scale factor and t is the cosmic time. Using Eqs. (jU [9l [10]), we 
obtain the modifled Friedmann equation and Raychaudhuri equation: 



H =^Pm + ^[^r + V -HF--—-UHY, (12) 



1 • • •■ 3 

3H'^ ~ 2H = -(j}"^ - V + 2HF + F- -— + co(/)'^{3H'^ + 2H) . (13) 



Combining the above two equations leads to 



H 1 , -o. 3 / F V 1 F IF 



H2 2FH^^^"'^'^^^ a[hf) ^ 2HF 2FH^- ^^^^ 
Writing the modifled Friedmann equation and Raychaudhuri equation in the standard 
form, one can deflne an effective energy density and pressure for the non-minimally coupled 
quintessence 

P<P,eff = l'P' + V- 3HF -\^- 3uH'<P' , (15) 

P^,eff = ^^'-V + 2HF + F-^^ + ucP\3H' + 2H) , (16) 

which differ from the non- minimal coupling case in the metric formalism. When a; = 0, 
the above two equations reduce to the usual ones. Using Eq. (fTSll . one can deflne the 
dimensionless density parameters for dark energy and matter: 

^DE = ^^'^2 ' = 1 - ^DE = ■ (17) 



Eqs. ( IT5|) and (fT6|) show that p^.e// and P0,e// satisfy the normal energy conservation 
equation 



P<^,e// + 3H{p^^eff + P<P,eff) = . (18) 

From Eq. f fTSj) . we find the field equation of the quintessence with a non-minimal coupling 

4) + 3H<p + V^-uj(j)R=0 . (19) 
This equation can also be obtained by varying action ([1]) with respect to the scalar field. 

III. EVOLUTIONARY CURVE OF THE EFFECTIVE EQUATION OF STATE 

Using the effective energy density and pressure, one can define an effective equation of 
state for the new extended quintessence dark energy: 

w.jf = ^ . (20) 

In Fig. (II]), we plot the evolutionary curves of Wefj in an exponential scalar field potential 
case with different values of model parameters. The dashed curve shows that the new 
extended quintessence dark energy behaves like quintessence when the coupling is weak 
(small |a;|), while, in the case of a solid curve, it exhibits an oscillatory behavior with 
crossings of the phantom divide line when the coupling is strong (|a;| of the order of 
unity). The oscillation is a distinctive feature of the new extended quintessence dark 



energy in contrast to the extended quintessence [1^ and teleparallel dark energy 



13| where 



the scalar field is coupled to the metric Ricci scalar and the torsion scalar, respectively. 
Notice, however, that an oscillating equation of state can also be obtained in a viable 
f{R) theory jlTI]. It is interesting to note that We/j — —1 in the future,, which means 
that the universe will enter a dark energy dominated de Sitter phase finally. 
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FIG. 1: Evolution of the dark energy equation of state parameter w^jf as a function of the 
redshift z. An exponential scalar field potential V cx e^'^ is considered. The dashed curve 
presents quintessence- like behavior and corresponds to a; = —0.16 and A = 1, and the solid 
curve presents an oscillation behavior with the phantom divide line crossing and corresponds to 
Lo = —2 and A = 1. 

IV. DYNAMIC BEHAVIOR 



In this Section, we plan to discuss the dynamical behavior of the system discussed in 
the second Section. For convenience, we rewrite the Friedmann equation as : 

1 1 0^ 1 _ F _ 1 J;^ _ 

3H^ 6H^ 3H^ H 4 H^F '^'^ ' ^ ' 

Following e.g. [l8|, we introduce the following dimensionless variables: 



Apparently, only three of them are independent since the Friedmann equation gives a 
constraint 



2^2 



For simplicity, an exponential potential: = A is considered in our discussion. Using 
the energy conservation equations of matter and the scalar field, the modified Friedmann 
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equation, and Raychaudhuri equation, we find that the dynamical system can be expressed 
as 



dxi 
dN 



c 

V6 



- SXi , 



dx2 VQ . 

— — = XXoXi — SXo 

dN 2 
dx^ 

In 



--Xs - SXs , 



dx4 1— 



where = In a, c and s are defined as 



-3-\/6xi — SAxo 



UX/^ 



1 + hJxi 



-^x\ + V2x\ + 3x^) , 



(24) 

(25) 
(26) 
(27) 



(2J 



^ ~ ^2 F 



s = ^ = -^--^ - 3^ - 6a;^ - a;c^ + 18a; 



X4 



— 2 I + V 6a; 

1 + 01X4 



1 + ljjx\ 



, (29) 



with F = 1 + ujx\. 

The critical points (xi, X2, X3, 2:4) of the autonomous system (Eq.(24)-Eq.(27)) can be 
obtained through the conditions 

dx\ dx2 dx^ dx^ 



dN dN dN dN 



0. 



(30) 



Then we get three critical points which are given along with their corresponding existence 
conditions in Tab. ([T]). We find that, for Points (C.P.a) and (C.P.b), Qde = 1? = 
and Weff = —1, which means that both of them are dark energy dominated de Sitter 
solutions. Apparently, Point (C.P.c) is a matter dominated solution. 



Label 



C.P.a 



C.P.b 



C.P.c 



Critical Point {xi, X2, x^, X4) 



0, 2j(2w + V-A2a; + 4u;2) A-2, 0, 



0, 2W (2a; - V-A2a; + 4a;2) A-2, 0, 



0, 0, 1, 



Existence 



A2 < 4w or a; < 



A2 < Auj 



always 



Weff 



TABLE L The critical points of the autonomous system. 
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FIG. 2: The phase diagram of {xi,X2,X4) with different initial conditions. 

Now we study the stabilities of the critical points for the autonomous system (Eq. (24)- 
Eq. (27)). Considering linear perturbations and linearizing the autonomous system 
(Eq. (24)-Eq. (27)), we obtain four differential equations. The eigenvalues of the coeffi- 
cient matrix of these differential equations determine the stability of the critical points. 
If the real parts of all eigenvalues are negative, the corresponding critical point is stable, 
otherwise, it is unstable. After some tedious calculations, we get four eigenvalues for a 
given critical point and show them in Tab. (|Tl])- Apparently, only Point (C.P.a) is stable, 
and both Points (C.P.b) and (C.P.c) are unstable. Thus, there is only one attractor for 
the system, which is a dark energy dominated de Sitter solution. In Fig. ([2]), we plot a 
phase diagram of {xi,X2,X4) with different initial conditions, which shows that all curves 
converge into a point, which is just the stable point (C.P.a). Therefore, our universe will 
enter finally a de Sitter expansion phase. 
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Label 


The eigenvalues (Ai, A2, A3, A4) 


Stability 


C.P.a 


-3, 0, -I + 1^1 - 1 V^(-A2 + 4a;), -| - - |^^^(-A2 + 4a;) 


Stable 


C.P.b 


-3, 0, -| + |^l + |Va;(-A2 + 4c.O, -| - f^l + § Va;(-A2 + 4a;) 


Unstable 


C.P.c 


3, ^, ^(-3- V9 + 48a;), ^(-3 + ^9 + 48a;) 


Unstable 



TABLE IL The eigenvalues of critical points. 



V. CONCLUSION 

The extended quintessence dark energy is obtained by coupling a normal scalar field to 
the Ricci scalar defined in the metric formahsm and it has an advantage of realizing the 
crossing of phantom divide line compared with the quintessence which can not. In this 
paper, we propose a new extended quintessence dark energy by also introducing a non- 
minimal coupling between the quintessence scalar field and gravity, but with the Ricci 
scalar given from the Palatini formalism rather than the metric one. Although in the 
minimal coupling case the field equation in the Palatini formalism is the same as that in 
the metric formalism, when a non-minimal coupling is introduced, the results are wholly 
different. We find that the equation of state of the new extended quintessence can cross 
the phantom divide line and oscillates around the —1 line. This oscillatory behavior is 
different from that of the extended quintessence and teleparallel dark energy where only 
one crossing of —1 line occurs. In addition, we find that the universe will enter a dark 
energy dominated de Sitter phase in the future. This result is further confirmed by the 
dynamical analysis, which shows that there is only one attr actor which corresponds to a 
dark energy dominated de Sitter solution. 
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